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The Sales Manager of a large chain of convenience stores is studying the sale of lottery
tickets in her stores. She randomly selects 8 of her stores. From these stores she collects data
for the total sales of lottery tickets in the previous January and July. The data are shown

below:
Store A B C D E F G H
January ticket sales (£) 1080 | 1639 | 710 1108 | 915 1066 | 1322 819
July ticket sales (£) 1113 | 1702 831 1048 861 1090 | 1303 852

(a) Use a paired #-test to determine whether or not there is evidence, at the 5% level of
significance, that the mean sales of lottery tickets in this chain’s stores are higher in July

than in January. You should state your hypotheses and show your working clearly.

®

(b) State what assumption the Sales Manager needs to make about the sales of lottery tickets
in her stores for the test in part (a) to be valid.

0y
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Fred is a new employee in a delicatessen. He is asked to cut cheese into 100 g blocks.
A random sample of 8 of these blocks of cheese is selected. The weight, in grams, of each
block of cheese is given below

94, 106, 115, 98, 111, 104, 113, 102

(a) Calculate a 90% confidence interval for the standard deviation of the weights of the
blocks of cheese cut by Fred.

()
Given that the weights of the blocks of cheese are independent,

(b) state what further assumption is necessary for this confidence interval to be valid.

Oy

The delicatessen manager expects the standard deviation of the weights of the blocks of
cheese cut by an employee to be less than 5 g. Any employee who does not achieve this
target is given training.

(c¢) Use your answer from part (@) to comment on Fred’s results.
(0))
A second employee, Olga, has just been given training. Olga is asked to cut cheese into 100 g

blocks. A random sample of 20 of these blocks of cheese is selected. The weight of each
block of cheese, x grams, is recorded and the results are summarised below.

x =102.6 s?=19.4
Given that the assumption in part () is also valid in this case,

(d) test, at a 10% level of significance, whether or not the mean weight of the blocks of
cheese cut by Olga after her training is 100 g. State your hypotheses clearly.

()
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As part of their research two sports science students, Ali and Bea, select a random sample of
10 adult male swimmers and a random sample of 13 adult male athletes from local sports
clubs. They measure the arm span, x cm, of each person selected.

The data are summarised in the table below.

n 52 X
Swimmers 10 48 195
Athletes 13 161 186

The students know that the arm spans of adult male swimmers and of adult male athletes may
each be assumed to be normally distributed.

They decide to share out the data analysis, with Ali investigating the means of the two
distributions and Bea investigating the variances of the two distributions.

Ali assumes that the variances of the two distributions are equal. She calculates the pooled
estimate of variance, s,°.

(@) Show that s, = 112.6 to 1 decimal place.
(2)

Ali claims that there is no difference in the mean arm spans of adult male swimmers and of
adult male athletes.

(b) Stating your hypotheses clearly, test this claim at the 10% level of significance.
©))

Bea believes that the variances of the arm spans of adult male swimmers and adult male
athletes are not equal.

(c¢) Show that, at the 10% level of significance, the data support Bea’s belief. State your
hypotheses and show your working clearly.

©))
Ali and Bea combine their work and present their results to their tutor, Clive.

(d) Explain why Clive is not happy with their research and state, with a reason, which of the
tests in parts (b) and (c) is not valid.

2
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A poultry farm produces eggs which are sold in boxes of 6. The farmer believes that the
proportion, p, of eggs that are cracked when they are packed in the boxes is approximately
5%. She decides to test the hypotheses

Ho:;p=0.05 against Hi:p>0.05.

To test these hypotheses she randomly selects a box of eggs and rejects Ho if the box contains
2 or more eggs that are cracked. If the box contains 1 egg that is cracked, she randomly
selects a second box of eggs and rejects Hy if it contains at least 1 egg that is cracked. If the
first or the second box contains no cracked eggs, Ho is immediately accepted and no further
boxes are sampled.

(a) Show that the power function of this test is

1=(1=p)°=6p(1-p)'.
(&)

(b) Calculate the size of this test.
(2)

Given that p = 0.1,

(c) find the expected number of eggs inspected each time this test is carried out, giving your
answer correct to 3 significant figures,

(&)
(d) calculate the probability of a Type II error.

(0))
Given that p = 0.1 is an unacceptably high value for the farmer,
(e) use your answer from part (d) to comment on the farmer’s test.

(0))
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A researcher is investigating the accuracy of IQ tests. One company offers 1Q tests that it
claims will give any individual’s IQ with a standard deviation of 5.

The researcher takes these tests 9 times with the following results:

123, 118, 127, 120, 134, 120, 118, 135, 121

(a) Find the sample mean, x, and the sample variance, s, of these scores.

2

Given that any individual’s 1Q scores on these tests are independent and have a normal
distribution,

(b) use the hypotheses
Ho: 0% = 25 against Hi:02 > 25

to test the company’s claim at the 5% significance level.

(C))

Gurdip works for the company and has taken these IQ tests 12 times. Gurdip claims that the
sample variance of these 12 scores is s? = 8.17.

(c) Use this value of s? to calculate a 95% confidence interval for the variance of Gurdip’s
IQ test scores.

[You may use P( y >3.816)=0.975 and P( »2 >21.920) = 0.025]
(2)

(d) Assuming that o2 = 25, comment on Gurdip’s claim.

Oy
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A random sample Xi, X2, X3, ..., Xo, is taken from a population with mean % and

variance 302, A second random sample Y1, Y2, Y3, ..., Y, is taken from a population with

2
mean % and variance % , where the X and Y variables are all independent.

A, B and C are possible estimators of z, where

_ X, +X,+X;+Y +7,

A
2
po 3% 20
2 3
C= 3X, +4Y,

3

(a) Show that two of 4, B and C are unbiased estimators of x and find the bias of the third
estimator of s

)
(b) Showing your working clearly, find which of 4, B and C is the best estimator of z.
“4)
The estimator
1 2n n
D=—1> X +>Y,
k i=1 i=1
is an unbiased estimator of s
(¢) Find & in terms of 7.
3
(d) Show that D is also a consistent estimator of sz
“4)
(e) Find the least value of n for which D is a better estimator of ¢ than any of 4, B or C.
(2)

TOTAL FOR PAPER: 75 MARKS
END
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Mark Scheme

Question Scheme Marks
Number
Store A B C D E F G H
L @ Difference | 53 |3 | 51 | g0 | 54 | 24 | -19 | 33 ||B!
July-Jan
d‘:%:(t)n.ézS M1
s, =§[%—17.6252j=3679.4... M1
7\ 8
or
1 141°
s,” =—| 28241~ =3679.4...
7 8
To test H, : g4, =0 against H, : ¢z, >0 (0.e.) B1
Test stat
17.625-0
t:T\/T:08218 M1Alcso
Critical value, t, =1.895 B1
Not in critical region therefore insufficient reason to reject H,
No significant evidence that on average stores sell more lottery tickets in July Alft
than in January
)
(b) Need assumption that the underlying distribution of the difference in sales in Bl 1)
July and in January is normally distributed.
Total 9
Notes
@) 1**B1 for differences all correct (o.€.)
— "theird"
1* M1 attempt to find d = Z—
2
"theird"
2" M1 attempting S; or S4° % > "their dz"—%
2" B1 both correct in terms of x or 4, (allow a defined symbol) condone u July—Jan
rd . .. a
3" M1 for attempting the correct test statistic S
d
i
1 Alcso awrt 0.822 with no errors.
37 B1 alternate method, p value of 0.219. Allow 2.365 for 2-tail test
Final A1 need conclusion in context, need tickets July and January, ft their test stat and
critical value
NB difference of 2 means test gains no marks
(b) B1 need differences to be normally distributed, not just normal distribution




Question Scheme Marks
Number
2. (@ | n=8 > x=843 > x*=89211
X =105.375
s’ =§(%—105.3752J =54.2678...
7\ 8
or MI1Al
2
s’ = %(8921 1- 843 } =54.2678...
Confidence interval is given by
7x54.267... <o’ < 7x54.267...
14.067 2.167 MIBI
" 27.004...<0” <175.299...
5.1966...< 0 <13.240... Mid Al
(6)
(b) | Need to assume underlying Normal distribution for weights of blocks of
cheese. B1
(1)
(c) | Lower limit of Cl is > 5 g suggests that Fred needs training. Blft
(D
(d) | Totest H,:ux=100, H,:x#100 (4>100) Bl
where uis the mean weight of blocks of cheese
102.6-100 MI1Al
Test statistic t= — == 2.6399...
20
Critical value(s): t, =(£)1.729 (1.328) B1
In critical region, therefore significant evidence to reject H, and accept H, Alft
Significant evidence that the mean weight of the blocks of cheese is not 100 g| Blcso (6)
(more than 100g)
Total 14
Notes
(3) | 1M1 attempting s or s> 1* A1 awrt 54.3
2
2 M1 for 712
Ve
Bl 14.067 & 2.167
3" M1d Dept on previous M mark. Rearranging leading to interval for 6- must square root
Al awrt5.20 and 13.2 (allow 5.2)
NB a correct interval gains full marks
(c) | B1ft on their CI must have Fred/He/employee (do not allow empoloyees) and training.
They must have an interval in part(a)
(d) | 1 B1 Both hypotheses with £ . Allow one-tail

102.6-100
1 Ml ———— 1Al awrt 2.64
SorsS

J20

2" B1 allow p value of 0.0161 in place of critical value. CV must follow from Hi

2" A1ft a correct statement — do not allow contradicting non context statement.

3" Blcso need correct conclusion in context containing the words in bold from a fully
correct solution. For one tail need “more than 100g”
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Question

Number Scheme Marks
3. ()]s, = 12x161+9x48 2364 15 571, =112.6 (1dp) M1Alcso
13+10-2 21
2)
(b) | Totest H : , = g1, against H, :u # u, (o.e.) Bl
Test stat, t==% 195186 =12.016... (awrt2.02) MI1A1
U257 (5 +5)
Critical values, t,, =(£)1.721 Bl
In critical region, therefore significant evidence to reject H, and accept H,
Evidence of difference in mean arm span of adult male swimmers and adult Al
male athletes or No evidence to support Ali’s claim.
)
(c) | Totest H,:0,> =0,” against H, :0. #0,’ Bl
Test stat, F129:£:3.354... L:ﬁ20.2981... M1Al
© 48 F,o 161
Critical value, F,,=3.07(0.3257...) Bl
In critical region, therefore significant evidence to reject H, and accept H,
Evidence of difference in variance of arm span of adult male swimmers and Alcso
adult male athletes or the data supports Bea’s belief
()
Should do test for variance first as equal variances is necessary assumption Bl
(d) | for t test for means
but is not supported in (c), so result in (b) is invalid. B1ld
(2)
Total 14
Notes
(a) | M1 for 12x161+9x48
13+10-2
2364 .
Alcso need to get awrt112.57 or > then write 112.6
195-186
(b) M1
112.6(4 +%)
2" B1 alternate method, p value of 0.0566 in place of critical value
Final A1 requires correct conclusion in context
(¢) | 1" Bl allow H,:0, =0, against H,:0, #0,
161° . ,
M1 allow 28 if they write the formula down
Final A1 requires correct conclusion
(d) | 1 B1 equal variances is necessary assumption (may be implied by saying not equal)

2" B1d but not supported in (c)/(variances not equal) therefore (b) result invalid




Question

Scheme Marks
Number
4. (a) | Power function = P(H, rejected) = P(X, >2)+P(X, =1)xP(X, >1)
=1-(1-p)*=6p(1-p)’ +6p(1-p)’ x(1-(1-p)°) MIAL
=1-(1-p)*=6p(1-p)’ +6p(1-p)’ —6p(1-p)"
=1-(1-p)°-6p1-p)" Alcso
3)
(b) | Size of test is value of power function when p=0.05
Size of test =1—0.95°—6x0.05x0.95" =0.094268... (awrt 0.0943) MI1A1l
()
(c) | E[number of eggs inspected] =12xP(X, =1)+6xP(X, #1) M1
=12x6x0.1x0.9° +6x(1-(6x0.1x0.9°)) Al
=8.1257...(awrt 8.13) Al
3)
(d) | P(Type Il error | p =0.1) =1—(value of power function when p = 0.1) M1
P(Type Il error | p=0.1)=1-(1-0.9° —6x0.1x0.9'"")=0.7197 ... Al
(awrt 0.720)
)
© Prob of Type II error, accepting p = 0.05 when it is actually 0.1, Bl
unacceptably high, is large, therefore not a good test.
6]
Total 11
Notes
(@) M1 for P(X, 22)+P(X, =1)xP(X,=>1) or l—(P(Xl =0)+P(X, =DxP(X, = O))oe ora
correct line of working
A1 a correct line of working before the final answer
Al fully correct solution no errors.
(b) | M1 attempt to subst 0.05 into (a)
(c) | M1 for 12xP(X, =1)+6xP(X, #1)
Al 12x6x px0.91-p)’ +6x(1-(6x px(1-p)’)
(d) [ M1 I-(1=(1-p)°=6xpx(1-p)")
©) B1 idea that the Probability of a Type II error is too high or the power is too low so the test

is not good/powerful or test needs changing
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Question

Number Scheme Marks
X
5 (3 xoX 116 1o Bl
n 9
s’ = 2[138728 —1242J =43
8 9
Or
1 1116
s’ =§(138728— 6 j=43 B1
()
(B) | Test stat
est sta i3 MIAL
P = =13.76
25
Critical value
7> =15.507 Bl
Therefore not in critical region, insufficient evidence to reject H,
There is evidence at the 5% level that the company’s claim is supported Bl1d
4
(c) | CI given by
11x8.17 , 11x8.17
<o < Ml
21.920 3.816
Therefore
4.0999...<0” <23.55... awrt4.10 and 23.6 Al
)
(d) | &% =25 is not in CI which suggests Gurdip’s(his) claim may not be true. Blft
(M
Total 9
Notes
(a) | B1 124
B143
(b) | M1 8 x their 43
25
Al awrt 13.8
B1 15.507
B1 dep on previous M1 being awarded. Allow the standard deviation of the 1Q scores is 5
oe. Must have 1Q
11x8.17
(©)
3.816 or 21.92
Al both correct
(d) B1ft their interval from part(c). Gurdip’s claim may not be true

NB, no interval in (c) then BO
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Question

Number Scheme Marks
1 1, u U
6. (@)| EIAl=J(BIX, 1+ EIX, )+ EDGI+EY B, ] = o 3x 5+ 28 = M
. . . Al
Therefore A is an unbiased estimator
gy JEX] 2B 3 ¢ 2 p S N
2 3 2 3 3 2 6
Therefore B is biased with bias (—)% Blft
1 1(3u 4u
E[C]==(3E[X,]+4E[Y,])==] —+— |=
[]3([1] A8)) 3(3 2)#
Therefore C is an unbiased estimator Al
(5)
(b) | Best estimator is unbiased estimator with least variance
Var (A):i(VarXI+VarX2+VarX3+VarY1+VarY2) M1
2 2
:l 3><302+2><J— =SO- Al
4 2 2
2 2
Var(C):l(9Var X1+16VarY1):l 9x30? +16x L | =329 Al
9 9 2 9
Therefore A is a better estimator of 4 (smaller variance) Bldft
“4)
1
©) E[D]=—| 2nxZ+nx £ |= 4 MIAT
k 3 2
3 2 6
3)
1 o’ 1 13nc?
d Var (D)=—| 2nx30? +nx— |=—x Ml
2 2
Var (D): 362 ><13n(7 _ 2340 M1d Al
49n 2 49n
Therefore Var D — 0 as n — oo, therefore D is a consistent estimator Aldd
“4)
(e) | Want
2 2
2340 - Sc M1
49n 2
Therefore
234 2
—Xx—<N
49 5
n>1.910...
So minimum value is N =2 Alcso
(2)
Total 18
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Notes

(@)

(b)

(©)

(d)

(€)

ML for a correct method for E(A) or E(B) or E(C)
A1 for each correct expectation with a correct method

B1ft bias of B, condone missing — sign. Do not allow a bias of 0
2

M1 Use of Var(aX) = a’Var (X) and subst 3o~ for Var(X) and % for Var(Y)

A1 for each correct variance

B1dft their variances. Dep on m1 being awarded. If no variances given then B0
M1 attempts E(D) and puts =to x (may be implied)

Al for E(D)

2 2

M1 for L(2n><30'2 +n xa—] or L>< 13no
k* 2 '§ 2

M1d for subst in k
A1 Correct Var (D)
Aldd Need correct reason for being a consistent estimator dep on previous method marks
being awarded
M1 for forming an inequality with their Var(D) < their best estimator leading to n
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